1. Introduction {#SEC1}
===============

Modern experimental techniques in areas such as genomics and brain imaging generate vast amounts of structured data, which contain information about the relationships of genes or brain regions. Studying these relationships is essential for solving challenging scientific problems, but few computationally feasible statistical techniques incorporate both the structure and diversity of these data.

A common approach to understanding the behaviour of a complex biological or social system is to first discover blocks of highly interconnected units, also known as communities or clusters, that serve or contribute to a common function. These might be genes that are involved in a common pathway or areas in the brain with a common neurological function. Typically, we only observe the pairwise relationships between the units, which can be represented by a graph or network. Analysing networks has become an important part of the social and biological sciences. Examples of such networks include gene regulatory networks, friendship networks, and brain graphs. If we can discover the underlying block structure of such graphs, we can gain insight from the common characteristics or functions of the units within a block.

Existing research has extensively studied the algorithmic and theoretical aspects of finding node clusters within a graph, by Bayesian, maximum likelihood, and spectral approaches. Unlike model-based methods, spectral clustering is a relaxation of a cost minimization problem and has been shown to be effective in various settings ([@B17]; [@B22]). Modifications of spectral clustering, such as regularized spectral clustering, are accurate even for sparse networks ([@B6]; [@B2]; [@B19]). On the other hand, certain Bayesian methods offer additional flexibility in how nodes are assigned to blocks, allowing for a single node to belong to multiple blocks or a mixture of blocks ([@B18]; [@B1]). Maximum likelihood approaches can enhance interpretability by embedding nodes in a latent social space and providing methods for quantifying statistical uncertainty ([@B13]; [@B12]; [@B2]). For large graphs, spectral clustering is one of very few computationally feasible methods that has an algorithmic guarantee for finding the globally optimal partition.

The structured data generated by modern technologies often contain additional measurements that can be represented as graph node attributes or covariates. For example, these could be personal profile information in a friendship network or the spatial location of a brain region in a brain graph. There are two potential advantages of utilizing node covariates in graph clustering. First, if the covariates and the graph have a common latent structure, then the node covariates provide additional information to help estimate this structure. Even if the covariates and the graph do not share exactly the same structure, some similarity is sufficient for the covariates to assist in the discovery of the graph structure. Second, by using node covariates in the clustering procedure, we enhance the relative homogeneity of covariates within a cluster and filter out partitions that fail to align with the important covariates. This allows for easy contextualization of the clusters in terms of the member nodes' covariates, providing a natural way to interpret the clusters.

Methods that utilize both node covariates and the graph to cluster the nodes have previously been introduced, but many of them rely on ad hoc or heuristic approaches and none provide theoretical guarantees for statistical estimation. Most existing methods can be broadly classified into Bayesian approaches, spectral techniques, and heuristic algorithms. Many Bayesian models focus on categorical node covariates and are often computationally expensive ([@B5]; [@B4]). A recent Bayesian model proposed by [@B24] can discover multi-block membership of nodes with binary node covariates. This method has linear update time in the network size, but does not guarantee linear-time convergence. Heuristic algorithms use various approaches, including embedding the network in a vector space, at which point more traditional methods can be applied to the vector data ([@B10]), or using the covariates to augment the graph and applying other graph clustering methods that tune the relative weights of node-to-node and node-to-covariate edges ([@B25]). A commonly-used spectral approach to incorporate node covariates directly alters the edge weights based on the similarity of the corresponding nodes' covariates, and uses traditional spectral clustering on the weighted graph ([@B16]; [@B11]).

This work introduces a spectral approach that performs well for assortative graphs and another that does not require this restriction. We give a standard definition of an assortative graph here and later define it in the context of a stochastic blockmodel.

(Assortative graph). *A graph is assortative if nodes within the same cluster are more likely to share an edge than nodes in two different clusters.*

Assortative covariate-assisted spectral clustering adds the covariance matrix of the node covariates to the regularized graph Laplacian, boosting the signal in the top eigenvectors of the sum, which is then used for spectral clustering. This works well for assortative graphs, but performs poorly otherwise. Covariate-assisted spectral clustering, which uses the square of the regularized graph Laplacian, is presented as a more general method that performs well for assortative and non-assortative graphs. A tuning parameter is employed by both methods to adjust the relative weight of the covariates and the graph; in § [2.3](#SEC2.3){ref-type="sec"} we propose a way to choose this tuning parameter. Research on dynamic networks using latent space models has yielded an analogous form for updating latent coordinates based on a distance matrix and the latent coordinates from the previous time step ([@B20]). A similar framework can also be used to cluster multiple graphs ([@B9]).
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}{}$k$\end{document}$-means and graph cut objective functions and then solving a spectral relaxation of the original problem. [@B23] decided against using an additive method similar to covariate-assisted spectral clustering because setting the method's tuning parameter is a nonconvex problem. They chose to investigate a method that uses the product of the generalized inverse of the graph Laplacian and the covariate matrix instead. [@B21] recognized the advantage of having a tuning parameter to balance the contribution of the graph and the covariates, but did not use the stochastic blockmodel to study their method. The full utility and flexibility of these types of approaches have not yet been presented, and neither paper derives any statistical results about the methods' performance. Furthermore, they do not consider the performance of these methods on non-assortative graphs. In contrast, we were initially motivated to develop covariate-assisted spectral clustering by its interpretation and propensity for theoretical analysis.

Very few of the clustering methods that employ both node covariates and the graph offer any theoretical results, and, to our knowledge, this paper gives the first statistical guarantee for these types of approaches. We define the node-contextualized stochastic blockmodel, which combines the stochastic blockmodel with a block mixture model for node covariates. Under this model, a bound on the misclustering rate of covariate-assisted spectral clustering is established in § [3.2](#SEC3.2){ref-type="sec"}. The behaviour of the bound is studied for a fixed and an increasing number of covariates as a function of the number of nodes, and conditions for perfect clustering are derived. A general lower bound is also derived, demonstrating the conditions under which an algorithm using both the node covariates and the graph can give more accurate clusters than any algorithm using only the node covariates or the graph.

For comparison, an alternative method based on an adaptation of classical canonical correlation analysis is introduced ([@B15]), which uses the product of the regularized graph Laplacian and the covariate matrix as the input to the spectral clustering algorithm. Simulations indicate that canonical correlation performs worse than covariate-assisted spectral clustering under the node-contextualized stochastic blockmodel with Bernoulli covariates. However, canonical correlation analysis clustering is computationally faster than our clustering method and requires no tuning. In contrast, covariate-assisted spectral clustering depends on a single tuning parameter, which interpolates between spectral clustering with only the graph and only the covariates. This parameter can be set without prior knowledge by using an objective function such as the within-cluster sum of squares. Some results for determining what range of tuning parameter values should be considered are provided in the description of the optimization procedure in § [2.3](#SEC2.3){ref-type="sec"}. Alternatively, the tuning parameter can be set using prior knowledge or to ensure that the clusters achieve some desired quality, such as spatial cohesion. As an illustrative example, in § [5](#SEC5){ref-type="sec"} we study diffusion magnetic resonance imaging-derived brain graphs using two different sets of node covariates. The first analysis uses spatial location. This produces clusters that are more spatially coherent than those obtained using regularized spectral clustering alone, making them easier to interpret. The second analysis uses neurological region membership, which yields partitions that closely align with neurological regions, while allowing for patient-wise variability based on brain graph connectivity.

2. Methodology {#SEC2}
==============

2.1 Notation {#SEC2.1}
------------
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}{}$A_{ij} = A_{ji} = 0$\end{document}$ otherwise. We restrict ourselves to studying undirected and unweighted graphs, although with small modifications most of our results also apply to directed and weighted graphs.

Define the regularized graph Laplacian as $$\begin{array}{l}
{L_{\tau} = D_{\tau}^{- 1/2}AD_{\tau}^{- 1/2},} \\
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}{}$\tau = N^{-1} \sum_{i=1}^N D_{ii}$\end{document}$, i.e., the average node degree ([@B19]).
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2.2 Spectral clustering for a graph with node covariates {#SEC2.2}
--------------------------------------------------------

The spectral clustering algorithm has been employed to cluster graph nodes using various functions of the adjacency matrix. For instance, applying the algorithm to $\documentclass[12pt]{minimal}
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Spectral clustering.
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*Step* 2. Use the eigenvectors as columns to form the matrix $\documentclass[12pt]{minimal}
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Step 4 of the spectral clustering algorithm uses $\documentclass[12pt]{minimal}
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}{}$k$\end{document}$-means clustering, which is sensitive to initialization. In order to reduce this sensitivity, we use multiple random initializations. To take advantage of available graph and node covariate data in graph clustering, it is necessary to employ methods that incorporate both of these data types. As discussed in § [1](#SEC1){ref-type="sec"}, spectral clustering has many advantages over other graph clustering methods. Hence, we propose three approaches that use the spectral clustering framework and utilize both the graph structure and the node covariates.

Assortative covariate-assisted spectral clustering uses the leading eigenvectors of $$\begin{array}{l}
{\overline{L}(\alpha) = L_{\tau} + \alpha XX^{T},} \\
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Covariate-assisted spectral clustering uses the leading eigenvectors of $$\begin{array}{l}
{\overset{\sim}{L}(\alpha) = L_{\tau}L_{\tau} + \alpha XX^{T}\text{.}} \\
\end{array}$$

This approach performs well for non-assortative graphs and nearly as well as our assortative clustering method for assortative graphs. When there is little chance of confusion, $\documentclass[12pt]{minimal}
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To run covariate-assisted spectral clustering on the large graphs, such as the brain graphs in § [5](#SEC5){ref-type="sec"}, the top $\documentclass[12pt]{minimal}
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As an alternative, we propose a modification of classical canonical correlation analysis ([@B15]) whose similarity matrix is the product of the regularized graph Laplacian and the covariate matrix, $$\begin{array}{l}
{L^{CCA} = L_{\tau}X\text{.}} \\
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2.3 Setting the tuning parameter {#SEC2.3}
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3. Theory {#SEC3}
=========

3.1 Node-contextualized stochastic blockmodel {#SEC3.1}
---------------------------------------------

To illustrate what covariate-assisted spectral clustering estimates, this section proposes a statistical model for a network with node covariates and shows that covariate-assisted spectral clustering is a weakly consistent estimator of certain parameters in the proposed model. To derive statistical guarantees for covariate-assisted spectral clustering, we assume a joint mixture model for the graph and the covariates. Under this model, each node belongs to one of $\documentclass[12pt]{minimal}
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Under the node-contextualized stochastic blockmodel, covariate-assisted spectral clustering seeks to estimate the block membership matrix $\documentclass[12pt]{minimal}
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Many common networks are assortative, such as friendship networks or brain graphs. Dating networks are one example of a non-assortative network. Most relationships in a dating network are heterosexual, comprised of one male and one female. In a stochastic blockmodel, where the blocks are constructed by gender, $\documentclass[12pt]{minimal}
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3.2 Statistical consistency under the node-contextualized stochastic blockmodel {#SEC3.2}
-------------------------------------------------------------------------------

The proof of consistency for covariate-assisted spectral clustering under the node-contextualized stochastic blockmodel requires three results. Lemma 1 expresses the eigendecomposition of the population version of the covariate-assisted Laplacian, $$\begin{array}{l}
{\overset{\sim}{\mathcal{L}}(\alpha) = (\mathcal{D} + \tau I)^{- 1/2}\mathcal{A}(\mathcal{D} + \tau I)^{- 1}\mathcal{A}(\mathcal{D} + \tau I)^{- 1/2} + \alpha E(XX^{T}),} \\
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}{}$\tilde{\mathcal{L}}$\end{document}$. Then, the Davis--Kahan theorem ([@B8]) bounds the difference between the sample and population eigenvectors in Frobenius norm. Finally, Theorem 3 combines these results to establish a bound on the misclustering rate of covariate-assisted spectral clustering. The argument largely follows [@B19]. The results provided here do not include the effects of Step 3 in Algorithm 1. The proofs are in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.
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Under assumption (i) the rows of the population eigenvectors are equal if and only if the corresponding nodes belong to the same block. This assumption requires the population eigengap to be greater than the maximum of the absolute difference between the sum of covariate variances within a block and the mean of the sums across all blocks. If all the covariates have equal variance in all blocks, the assumption is trivially true. Since $\documentclass[12pt]{minimal}
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The next theorem bounds the proportion of misclustered nodes. In order to define misclustering, recall that the spectral clustering algorithm uses $\documentclass[12pt]{minimal}
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Using the definition of misclustering and the result from Theorem 2, the next theorem bounds the misclustering rate, $\documentclass[12pt]{minimal}
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The asymptotics of the misclustering rate depend on the number of covariates and the sparsity of the graph. This is demonstrated by Corollary 1, which provides insight into how the number of covariates and graph sparsity affect the misclustering rate and the choice of tuning parameter.
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3.3 General lower bound {#SEC3.3}
-----------------------

The next theorem gives a lower bound for clustering a graph with node covariates. This bound uses Fano's inequality and is similar to that shown in [@B6] for a graph without node attributes. We restrict ourselves to a node-contextualized stochastic blockmodel with $\documentclass[12pt]{minimal}
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\Gamma & {< \left( {\frac{1}{2} - \frac{\epsilon}{2} - \frac{1}{N}} \right)\log 2,} \\
\end{array}$$ then only an algorithm that uses both the graph and node covariates can yield correct blocks with high probability. Condition ([4](#asx008M4){ref-type="disp-formula"}) specifies when the graph is insufficient and condition ([5](#asx008M5){ref-type="disp-formula"}) specifies when the covariates are insufficient to individually recover the block membership with high probability.

The upper bound for covariate-assisted spectral clustering in Theorem 3 can be compared with the general lower bound. Simplifying the general lower bound gives the condition $\documentclass[12pt]{minimal}
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4. Simulations {#SEC4}
==============

4.1 Varying graph or covariate signal {#SEC4.1}
-------------------------------------

In these simulations, consider a node-contextualized stochastic blockmodel with $\documentclass[12pt]{minimal}
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}{}$R = 3$\end{document}$ node Bernoulli covariates. Define the block probabilities for the assortative graph, the non-assortative graph, and the covariates as $$\begin{array}{l}
{B = \left( \begin{array}{lll}
p & q & q \\
q & p & q \\
q & q & p \\
\end{array} \right),\quad B^{\prime} = \left( \begin{array}{lll}
q & p & p \\
p & q & p \\
p & p & q \\
\end{array} \right),\quad M = \left( \begin{array}{lll}
m_{1} & m_{2} & m_{2} \\
m_{2} & m_{1} & m_{2} \\
m_{2} & m_{2} & m_{1} \\
\end{array} \right),} \\
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These simulations compare five methods. The first three are canonical correlation analysis clustering, covariate-assisted spectral clustering, and assortative covariate-assisted spectral clustering, which utilize node edges and node covariates to cluster the graph. The other two methods utilize either the node edges or the node covariates. For the node edges, regularized spectral clustering is used; for the node covariates, spectral clustering on the covariate matrix is used.

The first set of simulations investigates the effect of varying the block signal in the graph on the misclustering rate. This is done by varying the difference in the within- and between-block probabilities, $\documentclass[12pt]{minimal}
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}{}$B'$\end{document}$ in ([6](#asx008M6){ref-type="disp-formula"}), shown in [Fig. 1(a)](#F1){ref-type="fig"} and [(b)](#F1){ref-type="fig"}, respectively. In the assortative case, our assortative clustering method performs better than any of the other methods. Covariate-assisted spectral clustering performs slightly worse than the assortative variant, but still outperforms the other methods. In the non-assortative case, our clustering method has the best performance, while the assortative version always does worse than using only the covariates or the graph.

Fig. 1.Average misclustering rate of five clustering methods: covariate-assisted spectral clustering (solid), assortative covariate-assisted spectral clustering (dash), canonical correlation analysis clustering (dot), regularized spectral clustering (dot-dash), and spectral clustering on the covariate matrix (long dash). The fixed parameters are $\documentclass[12pt]{minimal}
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The second set of simulations investigates the effect of varying the block signal of the covariates on the misclustering rate by changing the difference between the block-specific covariate probabilities, $\documentclass[12pt]{minimal}
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}{}$m_1 - m_2$\end{document}$. As shown in [Fig. 1(c)](#F1){ref-type="fig"}, assortative covariate-assisted spectral clustering tends to have a better misclustering rate than the other methods. Only when the difference in the covariate block probabilities is very small and $\documentclass[12pt]{minimal}
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}{}$X$\end{document}$ effectively becomes a noise term does regularized spectral clustering outperform our assortative clustering method. For the non-assortative case shown in [Fig. 1(d)](#F1){ref-type="fig"}, assortative covariate-assisted spectral clustering performs poorly, while covariate-assisted spectral clustering is able to outperform all other methods for a sufficiently large difference in the covariate block probabilities. This is expected since the covariates in the assortative variant effectively increase the edge weights within a block, which will smooth out the block structure specified by $\documentclass[12pt]{minimal}
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4.2 Model misspecification {#SEC4.2}
--------------------------

The final simulation considers the case where the block membership in the covariates is not necessarily the same as the block membership in the graph. The node Bernoulli covariates no longer satisfy ([3](#asx008M3){ref-type="disp-formula"}) in Definition 2, but $\documentclass[12pt]{minimal}
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}{}$Z$\end{document}$ to investigate the robustness of the methods with respect to this form of model misspecification. The results in [Fig. 1(e)](#F1){ref-type="fig"} show that assortative covariate-assisted spectral clustering is robust with respect to covariate block membership model misspecification for the assortative graph. The misclustering rate shown is computed relative to the block membership of the graph. For this case, our assortative clustering method is able to achieve a lower misclustering rate than regularized spectral clustering when the proportion of agreement between the block membership of the graph and the covariates is greater than $\documentclass[12pt]{minimal}
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5. Clustering diffusion **MRI** connectome graphs {#SEC5}
=================================================

Assortative covariate-assisted spectral clustering was applied to brain graphs recovered from diffusion magnetic resonance imaging ([@B7]). Each node in a brain graph corresponds to a voxel in the brain. The edges between nodes are weighted by the number of estimated fibres that pass through both voxels. The centre of a voxel is treated as the spatial location of the corresponding node. These spatial locations were centred and used as the first set of covariates in the analysis. The dataset used in this analysis contains 42 brain graphs obtained from 21 different individuals. Only the largest connected components of the brain graphs were used, ranging in size from 707 000 to 935 000 nodes, with a mean density of 744 edges per node. In addition, the brain graphs contain brain atlas labels corresponding to 70 different neurological brain regions, which were treated as a second set of covariates.

Whereas the simulations attempted to demonstrate the effectiveness of our clustering method in utilizing node covariates to help discover the underlying block structure of the graph, this analysis focuses on the ability of our clustering method to discover highly connected clusters with relatively homogeneous covariates. The node covariates contextualize the brain clusters and improve their interpretability. Like other clustering methods, covariate-assisted spectral clustering is mainly an exploratory tool which may or may not provide answers directly but can often provide insight into relationships within the data. In this example, it is used to examine the relationships between brain graph connectivity, spatial location, and brain atlas labels. The utility of covariate-assisted spectral clustering was explored by partitioning the brain graphs into 100 clusters. The brain graphs in this dataset are assortative, so our assortative clustering method was used in this analysis. Since the brain graphs have heterogeneous node degrees, the rows of the eigenvector matrix were normalized when applying the spectral clustering algorithm to improve the clustering results ([@B19]). [Figure 2](#F2){ref-type="fig"} shows a section of a sample brain graph with nodes plotted at their corresponding spatial locations and coloured by cluster membership. For reference, the neurological brain atlas clusters with 70 different regions and an additional category for unlabelled nodes are also plotted. The brain graphs were clustered using three different approaches: regularized spectral clustering, and assortative covariate-assisted spectral clustering with spatial location and with brain atlas membership. The tuning parameter $\documentclass[12pt]{minimal}
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Fig. 2.Brain graph cross-sections with nodes plotted spatially and coloured by cluster membership for three different clustering methods and a brain atlas.

As shown in [Fig. 2](#F2){ref-type="fig"}, regularized spectral clustering yielded spatially diffuse clusters of densely connected nodes. By adding spatial location using covariate-assisted spectral clustering, we obtained densely connected and spatially coherent clusters. Regularized spectral clustering had two clusters of about 80 000 nodes and four clusters with fewer than 1000 nodes, while the largest cluster from our clustering method had fewer than 50 000 nodes and no clusters had fewer than 1000 nodes. Both greater spatial coherence and increased uniformity in cluster size demonstrated by covariate-assisted spectral clustering are important qualities for interpreting the partition. In addition, the clusters have a greater similarity with the brain atlas labels, though this similarity is still not very substantial. This suggests that brain graph connectivity is governed by more than just the neurological regions in the brain atlas.

The relation between the brain atlas and the brain graph was studied further by treating brain atlas membership as the node covariates. This allowed the discovery of highly connected regions with relatively homogeneous graph atlas labels. As shown in [Fig. 2](#F2){ref-type="fig"}, relative to the brain atlas, some of the clusters are broken up, a few are joined together, and others overlap with multiple brain atlas regions, but the high similarity is clearly visible. Importantly, this approach gives us clusters that are highly aligned with known neurological regions while allowing for individual variability of the partitions based on brain graph connectivity. The adjusted Rand index was used to quantify the similarity of the partitions of a brain graph specified by the different clustering methods and the brain atlas in [Table 1](#T1){ref-type="table"}. The alignment with the partitions based only on spatial location and either covariate-assisted spectral clustering with spatial location or the brain atlas is greater than between the two methods. This indicates that both the clusters from our method and the brain atlas are spatially coherent yet not highly overlapping.

Table 1*The adjusted Rand index between different partitions* ACASC-XBrain atlasACASC-BASC-XRSC0.0950.0820.0850.092ACASC-X-0.1690.1890.278Brain atlas\--0.8380.226ACASC-BA\-\--0.227[^1]

Brain graph connectivity appears to be giving the clusters that use spatial location a different configuration from the brain atlas, as seen in [Fig. 2](#F2){ref-type="fig"}. As expected, covariate-assisted spectral clustering with brain atlas membership has the highest adjusted Rand index partition similarity with the brain atlas but low similarity with the regularized spectral clustering partitions. If a more balanced partition alignment is desired, the tuning parameter can be adjusted accordingly.

The relationship between all 42 brain graphs was analysed by using the adjusted Rand index to compare partitions between them, as shown in [Fig. 3](#F3){ref-type="fig"}. To conduct the comparison, the nodes of each brain graph were matched by spatial location, and any nonmatching nodes were ignored. Both regularized spectral clustering and covariate-assisted spectral clustering with spatial location distinguish clearly between individuals based on their brain graph partitions, but the latter gave partitions which are more homogeneous both within and between individuals. This increased partition consistency is favourable since a high degree of variation in the clusters between individuals would make them more difficult to interpret.

Fig. 3.Heat maps of the adjusted Rand index comparing the partitions of 42 brain graphs. The separate heat maps are based on partitions generated with different methods. Each row and column corresponds to a brain scan and adjacent rows or columns correspond to two scans of the same individual.

6. Discussion {#SEC6}
=============

Although the node-contextualized stochastic blockmodel is useful for studying graph clustering methods, data can deviate from the model's assumptions. More generally, covariate-assisted spectral clustering can be used to find highly connected communities with relatively homogeneous covariates, where the balance between these two objectives is controlled by the tuning parameter and can be set empirically or decided by the analyst. Relatively homogeneous covariates contextualize the clusters, making them easier to interpret and allowing the analyst to focus on partitions that align with important covariates. Beyond its scientific interest, the brain graph analysis demonstrates the computational efficiency of our clustering method, since the analysis could not have been feasibly conducted with existing methods. Nevertheless, determining an optimal tuning parameter still presents a computational burden. Using a low-rank update algorithm for eigenvector decomposition can further reduce this cost.

This work is meant as a step towards statistical understanding of graphs with node covariates. Further work is needed to better understand the use of covariate-assisted spectral clustering for network contextualization. Methods for determining the relative contribution of the graph and the covariates to a graph partition and tests to signify which covariates are informative would be useful. Ultimately, a thorough examination of the relationship between graph structure and node covariates is essential for a deep understanding of the underlying system.

Supplementary Material
======================

###### 

Click here for additional data file.

This research was supported by the U.S. National Institutes of Health, National Science Foundation, and Defense Advanced Research Projects Agency. The authors would like to thank Yilin Zhang, Tai Qin, Jun Tao, Soumendu Sundar Mukherjee, and Zoe Russek for helpful comments.

Supplementary material
======================
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[^1]: RSC, regularized spectral clustering; ACASC-X, assortative covariate-assisted spectral clustering with spatial location; ACASC-BA, assortative covariate-assisted spectral clustering with brain atlas membership; SC-X, spectral clustering using spatial location.
